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Challenge of Image Reconstruction 

B

ŝ ŝ
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Thermal Noise 
Gain Error 

Quantization Noise 

Atmospheric Noise 
Infinite Number of Possible Images that Explain the Data  

Find an explanation that still respects our prior assumptions 
about the “visual” universe   



Bayesian Inference 

Best Image that  
Explains the Measurements 

Probability of Image  
Given Measurements 

ˆI�MAP = argmaxI�2⌦P (D|I�)P (I�)
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Probability of Data 
Given Image 
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Bayes Law 

Likelihood        Prior   



Related Work 

u  Not Bayesian 

u  Difficult to Adapt  

CLEAN Optical Interferometry 

u  Bispectrum-MEM 

u  SQUEEZE 



Overview 
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Likelihood 

“Data Term” 
Prior  

“Previous Expectations Term” 

Image Reconstruction Algorithm 



Likelihood Term: Forward Modeling 
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Thermal Noise 
Gain Error 

Quantization Noise 

Atmospheric Noise 

Imaging Assumptions 
(Discrete, Static, etc) 



Van Cittert-Zernike Theorem 

Visibility 
Time Averaged Cross Correlation 

�1,2 = �(u, v) =
R
l

R
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2D Fourier Transform of Continuous Image 

Discrete Space Fourier Transform : Direct Fourier Transform 
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Nm�1X
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e�i2⇡(u(�li+sl)+v(�mj+sm))X[i, j]



Image Representation: Delta Pulse 
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Traditional Image Representation 
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Image Representation: Rectangle Pulse 
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Image Representation: Triangle Pulse 
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Equivalent to Linear Interpolation 
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Comparing Image Pulses 
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Approximate Van Cittert-Zernike Theorem: 1D 
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Fourier Transform of Pulse 
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Shift Theorem Fourier Transform of Shifted Pulse 

H(u)



Approximate Van Cittert-Zernike Theorem: 2D 

�(u, v) ⇡ H(u, v)
Nl�1X

i=0

Nm�1X

j=0

e�i2⇡(u(�li+sl)+v(�mj+sm))X[i, j]

Same Calculation as Before! 

Scalar 

Works for Any Pulse With a Closed-Form Fourier Transform 
Delta        Rectangle        Triangle       Gaussian       Sinc 



Overview 
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Likelihood 

“Data Term” 
Prior  

“Previous Expectations Term” 

Image Reconstruction Algorithm 

Some images adapted from slides by Daniel Zoran



Natural Image Prior 

An unlikely image A more likely image A likely image

Given an NxN matrix X return P(X) - “Probability that X is a natural image” 



Natural Patch Prior 

P( P() vs. )



Natural Patches 



Modeling the Patches 
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Cluster 1 Cluster 2 

Likely

Unlikely

Gaussian Mixture Model 



Samples from Natural Patch Model 

“Cluster” 
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Celestial Images 



Samples from Celestial Patch Model 
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Black Hole Images 

Images courtesy of Avery Brodrick



Samples from Black Hole Patch Model 
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Optimization 

Expected Log Likelihood - EPLL 

“Half-Quadratic Splitting” 



Results – Synthetic Data 

Since these images were generated, we have found better parameters to use in SQUEEZE



Results – Real Data 



VLBI Dataset Website 

vlbiimaging.csail.mit.edu 
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Approximate Continuous Image: 1D 
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Discrete Summation 
Shifted Continuous Pulses 

Discrete Number of Scaling Terms 

 



Approximate Van Cittert-Zernike Theorem: 1D 
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Shift Theorem Fourier Transform of Shifted Pulse 
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Probability of all 
measurements given image 
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Probability of each 
measurement given image 

Row vector that extracts 
frequency component i out 

of image X 
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Φ1 Φ2 

Atmospheric Noise and Closure Phase 
: Telescopes 1 x 2    
 

: Telescopes 2 x 3  
 

: Telescopes 3 x 1  

!⌧1,2 + �1 � �2

!⌧2,3 + �2 � �3

!⌧3,1 + �3 � �1

!⌧1,2 + !⌧2,3 + !⌧3,1
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Likelihood 

“Data Term” 
Prior  

“Previous Expectations Term” 

Image Reconstruction Algorithm 

§ Image Representation 

§ Bispectrum Energy 
§ Training a Patch Prior 

§ Reconstructing with a Patch Prior 
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Simple Example 

Training Image 



Simple Example 

A Simple Prior Learned from Training Data 



Simple Example 

Noisy image we wish to restore using our patch prior 



Simple Example 

Non-Overlapping Patches 

Non-Overlapping 
Patches

Unlikely

Unlikely
Unlikely

Likely Unlikely



Simple Example 

Overlapping Patches - Patch Averaging 

Unlikely

Unlik
ely

Unlikely Likely (sort of)

Unlikely



Simple Example 

We want every patch in the output to be likely

Unlik
ely

We want every patch in the 
output to be likely

Likely

Likely

Likely

Likely

Likely



Expected Patch Log Likelihood - EPLL 
  We propose the EPLL cost function: 

  EPLL is NOT P(x) 
  Learning with patches, not images! (as opposed 
to MRFs) 



Optimization 

  We use “half-quadratic splitting” 
  Introduce a set of auxiliary variables Z 
  Solve the following optimization problem: 


